Abstract. When computing numerical solutions of hyperbolic conservation laws with source terms, one may obtain spurious solutions -these are unphysical solutions that only occur in numerics such as shock waves moving with wrong speeds, cf.
Introduction
Hyperbolic conservation laws often arise in models of physical processes that ignore the effects of dissipative and dispersive mechanisms. In gas dynamics, for example, hyperbolic conservation laws are obtained if viscous effects and heat conduction are neglected. Source terms arise in various contexts. We are interested in those that are due to the physical model, as they occur in non-equilibrium or in chemically reacting gas dynamics. In the latter context the problem often is stiff, which means that the time scale of the source term is of orders of magnitude different from that of the fluid dynamics.
Solving hyperbolic conservation laws with stiff source terms numerically causes special difficulties. Often one is not interested in resolving the solution profile on the finest scale, but wants to compute the solution on a grid that is appropriate to the fluid dynamics. On the one hand, one has to be careful to handle the stiff source term in a stable manner. On the other hand, this is not sufficient to get a physically correct solution. When computing numerical solutions of hyperbolic conservation laws with source terms, one may obtain spurious solutions -these are unphysical solutions that only occur in numerics such as shock waves moving at wrong speeds. This phenomenon is due to the coupling of the source term and the fluid dynamics.
Wrong propagation speeds have been observed by several authors, e.g. [9] , [3], [1], [13] . In [9] , LeVeque and Yee investigate a scalar advection equation with a nonlinear source term, which has two stable and one unstable equilibrium state. They observe nonphysical numerical shock speeds for piecewise constant initial data. Their investigations show that these problems are caused by the smearing of the discontinuity. They conclude that spatial resolution is as important as temporal resolution.
In [3] , Colella, Majda and Roytburd consider reacting shock waves. They show for a simplified combustion model and for the Navier-Stokes equations that dynamically stable weak detonations occur in bifurcating wave patterns for sufficiently small heat release or large reaction rate. Similar wave patterns are also obtained in inviscid calculations for relatively large step sizes, where a precursor numerical weak detonation wave is moving at the speed of one grid cell per time step. Those solutions are incorrect as the bifurcating wave patterns vanish for smaller step sizes.
In [1], Berkenbosch derives a condition on the ignition value for the simplified combustion model and the reacting Euler equations with ignition temperature kinetics such, that the numerical solutions exhibit correct wave speeds even for relatively large step sizes. In [13] , Pember considers relaxation problems. He proposes criteria ensuring that the numerical methods do not produce spurious solutions as the relaxation time vanishes. These criteria are, firstly, that the solution has to tend to the solution of the equilibrium equation as the relaxation time vanishes, and secondly, that a certain subcharacteristic condition has to be satisfied. This paper, a brief version of [5] , is concerned with the exactness of numerical locations of discontinuities. Estimates are derived for scalar Riemann problems with stiff source terms, in order to be able to control the error of the location of a discontinuity 1 . This work is done for numerical solutions that are computed by using a splitting method. This means that in each time step the homogeneous conservation law and an ODE modelling the source term are solved separately. Splitting methods are a popular approach to solve conservation laws with source terms. Their advantage is that good numerical methods exist for each of the subproblems. Furthermore, the analysis of wrong propagation speeds is relatively easy in this case. With a Strang splitting, second order accuracy can be achieved. The mentioned numerical difficulties are not due to splitting, but they also occur if other methods are used, cf. [9] .
The analysis shows that the local error of the location of a discontinuity mainly consists of two parts -one part that is introduced by the splitting and another part that is due to smearing. Both parts are, apart from the influence of the discretisation errors of the solvers used, of second order in the step size multiplied by the size of the source term.
Based on those error-estimates, an adaptation of the step size is constructed in order to keep the error of the location of the discontinuity sufficiently small. The adaptation is applied to several examples. These are a scalar problem, a simplified combustion model, and the one-dimensional inviscid reacting compressible Euler equations. The adaptation constructed here works well for all these examples. In [5] , the theory is also extended to planar two-dimensional problems.
We also applied the error-estimates to the simplified combustion model described in [1] , where the condition on the ignition value proposed by Berkenbosch was fulfilled. The results showed relatively large approximated errors for large step sizes, although the numerical solutions exhibited correct wave speeds. Consequently, the error-estimates derived for scalar piece-wise constant problems would have to be improved in order to get good results for numerical solutions computed with large step sizes and showing correct speeds. The step sizes obtained by our adaptation ensure that the wave speed is sufficiently correct, and yet are not unreasonable small. So if one wants to resolve the solution profile and therefore use (locally) small step sizes, the adaptation based on the error-estimates presented here gives satisfactory results.
This paper is organised as follows. Section 2 introduces the problem, and a scalar example shows the difficulties that arise because of smeared-out shock profiles in Sect. 3. In Sect. 4, estimators for the error of the shock location are derived, which are used to construct an adaptation of the step size in Sect. 4.7. Finally, in Sect. 5, three numerical examples are presented.
1 which includes shocks and contact discontinuities 2 The problem Let us consider the scalar equation
where u (x, t), f(u) , q(u) ∈ R and x ∈ R, t ≥ 0. We study the Riemann problem on the time interval [t n , t n+1 ] with
We shall show in Sect. 4.3, Theorem 4.3, that there exists an entropy solution of the form
i.e. at time t there is a shock located at σ(t). The solution u(x, t) is constant in x to the left of the shock and constant to the right of the shock. However these constants u L (t) and u R (t) depend on t, σ(t) is determined by integrating the so called jump conditioṅ
where we assume u L (t) = u R (t). This jump condition can be derived from the weak formulation of the integral form of (1), which has to be fulfilled by the solution of (1). To ensure that the solution (3) is the entropy satisfying weak solution, we impose the following entropy condition (cf.
[8]) on the discontinuity.
Definition 2.1 u(x, t) defined by (3) is the entropy solution if the discontinuity travelling with speedσ(t) given by (4) has the property that
for all u between u L (t) and u R (t).
Remark 2.2
In fact, one of the two inequalities in (5) withσ(t) on one side suffices because they are equivalent.
The exact solution of (1), (2) is given explicitly in Sect. 4.3.
The numerical solution of (1) is computed using a time splitting method, which means that in each time step the homogeneous conservation law
and the ODE u t = q(u)
are solved separately. To describe the numerical approximations we use the following notations. The spatial mesh points are denoted by x j = j∆x with j ∈ Z. ∆x is the spatial step size. Likewise, t n with n ∈ N ∪ {0} stands for the discrete time levels. ∆t is the step size in time so that t n+1 = t n + ∆t. The step sizes ∆x and
